UNITARY REPRESENTATIONS OF THE 
EXTENDED AFFINE LIE ALGEBRA gLjCq) 



ZlTING ZENG 



Abstract. We present modules for the extended affine Lie algebra g[ 3 (Cq) by using the 
idea of free fields. A necessary and sufficient condition for the modules being unitary is 
given. 



§0. Introduction. 

Let g be a non-zero complex number. A quantum 2-torus associated to q (see [M]) 
is the unital associative C-algebra C g [s ±1 ,t ±1 ] (or, simply C q ) with generators s ±1 ,t ±1 
and relations 

(0.1) ss" 1 = s~ 1 s = tt" 1 = t~ l t = 1 and ts = qst. 

Define k, : <C q —>■ C to be a C-linear function given by 

(0-2) = 5( m , n) ,(0,0) 

Let d s , dt be the degree operators on C q defined by 
(0.3) d s (s m t n ) = ms m t n , d t {s m t n ) = ns m t n 

for m, n G Z. 

Let g[ 3 (C g ) be the Lie algebra of 3 by 3 matrices whose entries are from C q . We form 
a natural central extension of gi 3 (C q ) as follows. 

(0.4) gT^) = Ql 3 (C q ) © Cc s © Cc t 

with Lie bracket 
(0.5) 

=5 jk q nirn2 E u (s mi+m2 t ni+n2 ) - Suq^^Ekjis^+^r 1 ^ 2 ) 

8jk8il8mi-\-m2,o8ni +JI2 ,0^t 

Typeset by AmS-T^. 



for mi, m2, ni, 77-2 G Z, 1 < i,j,k,l < 3, where .E^- is the matrix whose (z, j^-entry is 1 

and elsewhere, and c s and q are central elements of gl 3 (C q ). 

The derivations <i s and d t can be extended to derivations on gl 3 (C q ). Now we can 

define the semi-direct product of the Lie algebra gl 3 (C q ) and those derivations: 

(0.6) gQc q ) = g%{C q ) © Cd s © Cd t . 

The Lie algebra gl 3 (C q ) is an extended affine Lie algebra of type A 2 with nullity 2. 
(See [AABGP] and [BGK] for definitions). 

Extended affine Lie algebras are a higher dimensional generalization of affine Kac- 
Moody Lie algebras introduced by [H-KT] and systematically studied in [AABGP] and 
[BGK]. It turns out that any extended affine Lie algebra of type A is coordinated by a 
quantum torus (or a nonassociative torus for some small rank cases). Representations 
for extended affine Lie algebras coordinated by quantum tori and Lie algebras related to 
quantum tori have been studied in [JK2], [BS], [Gl,2,3], [ER1,2], [EB],[GZ] [EZ], [LT1,2], 
[G-KK], [VV], [Mi], [ZZ], [BZ], [SZ], [L] and [BEG], and among others. 

The Wakimoto's free fields construction provides a remarkable way to realize affine 
Kac-Moody Lie algebras (see [W2], [FF] and [EFK]). In [GZ], we used Wakimoto's idea 

to construct a class of representations for gl 2 (C q ) and found out the necessary and suffi- 
cient condition for the representations being unitary. In this paper, we will continue to 

construct representations for gl 3 (C q ). As witnessed in [FF], the realization for g{ 3 (C q ) is 

much more subtle and complicated than the one for g^i^q)- We then go on to construct 
a hermitian form and to determine when the form is positive definite (so the representa- 
tions are unitary). Unlike [GZ] in which we defined the form on the monomial basis for 
the module (this idea goes back to [Wl]), we define the form directly on the basis con- 
sisting of certain iterated module actions on a "highest weight vector" 1. This facilitates 
the verification of the defined form being a hermitian from. 

Throughout this paper, we denote the field of complex numbers, real numbers and the 
ring of integers by C, H. and Z respectively. 

§1. Module for fll^CJ. 

In this section, we use Wakimoto's idea [Wl] to construct gl 3 (C q ) -modules as was 
done in [GZ]. 

Let Ki = {(3m + 1, 3n + 1), m, n G Z}, and K_i = {(3m — 1, 3n — 1), m, ?7 G Z}. 
If A = (3m + 1, 3n + 1) G Ki, we always write Ai = m, A 2 = n, and similarly, if 
B = (3m - 1, 3n - 1) G K_i, then B x =m,B 2 = n. Set 



(1.1) 



V = C[x A , x B : AeK^B e K_i] 
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be the (commutative) polynomial ring of infinitely many variables. The operators X( m n ) 
and — act on V as the usual multiplication and differentiation operators respectively. 

Given a family of 2 x 2 lower triangular matrices 



Xm,n= ( a r {m > n) , )e SL 2 (C) 



for (m,n) G KiUK_i (so a( m , n )d( ro> „) = 1). 
Set 

d 

(1-2) P(m,n) = a (m,n) 



8 

(1-3) Q(m,n) ^(m,n) 7j I - <^(m,n)*£(m,n) 

for (m,n) G Ki(JK-:l- Then for A, A' G Ki,B,B' G K_i, 

[Pa,Pa>\ = [Qa,Qa'\ = [Pb,Pb>\ = [Qb,Qb'\ = 
[Pa, Pb] = [Pa, Qb] = [Qa, Qb] = [P B , Qa] = 
[Pa,Qa>] = 8a,a>, [Pb,Qb'\ = 8b, b>- 
Fix a complex number fx, we define the following operators on V: 
(1.4) 

efe ) (m 1 ,n 1 ) = - ? - mini /iP_ (3mi _ 1 ,3n 1 -i) 

_ £ ^^i+^- 1 +^^g A+A , +(3mi _ li3ni _ 1) p A p A , 

A,A'eKi 

PaPb 

AeKi 

(1.5) 

e[^(mi,m) =Q(3mi + l,3m + l) 

(1.6) 

eS } (mi,ni)= 9 Aini Q(3mi,3ni)+A-PA + 2^(mi,ni),(0,0) 

AeKi 

(1.7) 

e&\m 1 ,n 1 ) = - Q A2mi Q(3 mi ,3 ni )+APA 
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^ Q B2mi Q(37n 1 ,3n 1 )+BPB - ~/^>(mi,m),(0,0) 



(1.8) 

4^(mi,ni) = -Q" mini ^P_ (3mi+ i j3ni+ i) 

_ J- q niBl+A2mi+A2Bl QA+B + (^ + l,3n 1+ l)PAPB 

BeK_i 

E n 1 B' 1 +B 2 m 1 +B 2 B' in n nPni 

B,B'eK_i 

(1.9) 

e^ } (mi,ni) = Q( 3 mi-i,3ni-i) 

(1.10) 

4l ) ( m l' n l)= Yl l^'Q '(3mi-2,3ni-2)+ A-Pa 

(1.11) 

e^ ) (mi,ni)= ? Bini Q(3mi+2,3ni+2)+B-PB 
B6K_i 

(1.12) 

1 

eg ) (mi,ni)= 9 Bini Q(3mi,3ni)+B-PB + 2^(mi,ni),(0,0) 

B6K_i 

(1.13) = ^ A.QaPa + b iQbPb 

AeKi BeK_i 

(1.14) = J2 A 2 QaPa + J2 B *QbPb 

AeKi BeK_i 

Although the operators are infinite sums, they are well-defined as operators on V. 
Now we have the following result: 

Theorem 1.15. The linear map n : gl 3 (C q ) — > End V given by 
n(E tJ (s m H^))=e ( i f(m 1 ,n 1 ), 

7T(d s ) = D[»\ n(d t ) = 7T( Cs ) = 7T( Ct ) = 0, 

for mi, rii e Z, 1 < i,j < 3, is a Lie algebra homomorphism. 

Proof. The proof is straightforward. However, we would like to provide a few details. 
We shall do this orderly so that we won't miss any case. 
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First, we have 
[e[i (mi, rai), (m 2 , n 2 )] 

= [ ^ ,Al "' 1( 3(3mi,3n 1 )+A-PA, ^ <? Aini <9(3m 2 ,3n 2 )+A'-PA'] 

AeKi A'eKi 

\ ^ ^(m 2 +A' 1 )ni+A'n 2/ o p 1 ^ „m 2 ni ,, r 

— 2^ 5 V(3mi,3ni) + (3m 2 +3n 2 )+A'-rA' + 7^ ^(mi+m 2 ,ni+n 2 ),(0,0) 

A'eKi 

E^,Aini + (mi+Ai)n 2 ^ p „m\ri2 , ,x 

Q Q , (3mi,3ni) + (3m 2 ,3n 2 )+A-TA ~ ~Q ^(mi+m 2 ,ni+n 2 ),(0,0) 

AeKi 

=? mani eli ) (mi + m 2 ,ni + n 2 ) - q mina e^\m 1 + m 2 ,n 1 +n 2 ). 
The following two brackets are easy. 

[e^(mi,ni), e^(m 2 , n 2 )] = q m2ni (mi + m 2 , ni + n 2 ) 
^(mi^O.e^ms,^)] = C^Sfmi + m 2 ,m + n 2 ). 

[eS^ ) (mi,ni),e^ ) (m 2 ,7i 2 )] 

= E (-^)9 Aini " m2n2 [Q(3 mi ,3n 1 )+Ai 3 A, J P-(3 m2 -l,3n 2 -l)] 
AeKi 

E Aini+A' 1 n2+A 2 m2+A 2 A' 1 rx-j p ^ _ _ p_p_l 

9 [V(3mi,3ni)+A^A, VA+A' + (3m 2 -l,3n 2 -l)- r A- r A'J 

_A_6Ki 
A.A'eKi 

E Aini+n 2 Ai+B 2 m 2 +B 2 Air / Q p, P-P„l 

9 [V(3mi,3ni)+A-^A, VA+B+(3m 2 -l,3n 2 -l) i \A-^Bj 

AeKi 
AeKi 

—^9 ^-(3(mi+m 2 )-l,3(ni+n 2 )-l) 

E /1 (Ai+A'+m 2 )ni+n 2 A'+A 2 m 2 +A 2 A' 1/ Q _ _ P-P- 

9 V(3mi,3ni)+A+A' + (3m 2 -l,3n 2 -l)- r A- r A' 

A,A'eKi 

1 \ „Aini+n 2 (mi+Ai)+A 2 m 2 +A 2 (mi+Ai)^ _ P-P. 
+ 2^ 9 VA+(3mi,3n 1 )+A+(3m 2 -l,3n 2 -l)- r A- r A 

A, AeKi 

I \^ Aini+n 2 A' 1 + (ni+A 2 )m 2 + (ni+A 2 )A' 1/ Q _ p_ p 

+ 2^ 9 VA+(3mi,3n 1 )+A' + (3m 2 -l,3n 2 -l)- r A'- r A 

A.A'eKi 

1 \ Aini+n 2 (mi+Ai)+6d6 2 m 2 +B 2 (mi+Ai) / Q p p 

+ ^ 9 VA+(3mi,3ni)+B + (3m 2 -l,3n 2 -l)-TB-rA 

AeKi 

B6K-1 
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(the second term and the fourth term are negative to each other) 



_ n mm 2 ( -(mi+m 2 )(n 1 +n 2 )p 

— — q {-M -r_( 3 ( mi+m2 )_i i3 ( ni+n2 )_i) 

E A(n 1 +n 2 )+A 2 (m 1 +m2)+A 1 A2r) _p_p„ 
H V(3(mi+m 2 )-l,3(ni+n 2 )-l)+A+A- r A- r A 

E A 1 {n 1 +n2)+B 2 (m 1 +m2)+B2+A 1 f) p p \ 

9 VA+B+(3(mi+m 2 )-l,3(ni+n 2 )-l)-TB-rAj 

AeKi 

= _ g m "" e W(mi + m 2 , m + n 2 ). 



The following seven brackets are easily verified. 

[eS^ ) (mi,ni),e^ ) (m 2 ,n 2 )] =0 
[eS^ ) (mi,ni),e^ ) (m 2 ,n 2 )] =0 

[e[f(mi, m), e^K, n 2 )] = -q^e^ (mi + m 2 , m + n 2 ) 
[eii^m^ni)^^ (m 2 ,n 2 )] =0 
[e^ ) (mi,ni),e^ ) (m 2 ,n 2 )] =0 

K ( m b n l)> e 12 ( m 2,W2)] =0 

K (mi,ni),eS3 ) (m 2 ,n 2 )] =0. 



Next, we have 

[e^ ) (mi,ni),e^ ) (m 2 ,n 2 )] 
=^«/ 2 2 5( mi , ni ) 5 (- m2) n 2 ) 

i \ r „ri2 A', +nim 2 +ni A', ,n 

+ 2^ 9 V(3mi + l,3ni + l)+A' + (3m 2 -l,3n 2 -l)P A , 

A'eKi 

I \ „n 2 mi+A 2 m 2 +A 2 mi / Q p 
+ 9 VA+(3mi+l,3ni + l) + (3m 2 -l,3n 2 -l)-TA 

AeKi 

i \ „n 2 mi+B 2 m 2 +B 2 mi / Q p 
+ 9 V(3mi + l,3ni+l)+B+(3m 2 -l,3ji2-l) r B 

Bei-i 
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_qmm 2 ^ ^ q( ni+n2 ^ Al Q(3m 1 +3m2,3n 1 +3n 2 )+A'PA' + 2^(mi,ni),(-m 2 ,n 2 )) 
— q n2mi (— ^ Q A2< ~ m2+mi ' ) QA+(3mi+3m2,3ni+3n2)-PA 

~ ^ ^ B2 ^ m2+mi ' )( 3(3mi+3m 2 ,3ni+3n2)+-B-PB ~ 2^(»Tii.«i).(-»"2,n2)) 



The following six brackets can be checked easily. 



[e^ j (mi,ni),47(m 2 ,n 2 )] 
[efe ( m i» w i)» e 23 ( TO 2,n 2 )] 
[e^ ) (mi,ni),e^ ) (m 2 ,n 2 )] 
[ei 2 ) (mi,ni),e^ ) (m 2 ,n 2 )] 

[eS^ ) (mi,ni),e^ ) (m 2 ,n 2 )] 



Q nim2 e^Vi+m 2 ,m + n 2 ) 

g nima e^ ) (mi + m 2 ,Tii + Ti2) 

-? mina eS(mi +m 2 ,m + n 2 ) 





0. 



[ei3 (mi, ni), 47 (m 2 ,n 2 )] 

= [ ^ 9" Bini Q(3mi+2,3ni+2)+B-PB 5 — 9 m2 "" 2 A f -P-(3m 2 -l,3n 2 -l) 
B£K_i 

E n 2 Ai+A 2 m 2 +A 2 A' 1 ^ ) .P.P., 
9 VA+A' + (3m 2 -l,3n2-l)-rA-rA' 

A,bda'6Ki 

_ £ ^ 2Al+B2m2+B2Al QA + B + (3 T n 2 -l,3n 2 -l) J PA^] 

AeKi 
BeK_i 



_ V" 1 JA 1 +B 1 +m2)n 1 +n2+A 1 +B2m2+B 2 A 1 ^ j p p 

— — 2^ ^ V(3mi+2,3ni+2)+A+B+(3m 2 -l,3n 2 -l)^A^B 



_i_„-m 2 n 2 + (-mi-m 2 )ni p 

+ 9 A t - r (-3mi-3m 2 -l,-3ni-3n 2 -l) 

+ 2^ 9 VA+(3mi+2,3ni+2)+B+(3m 2 -l,3n 2 -l)rA^B 



Bei_! 



i \ „n 2 A', + (ni+B 2 )m 2 + (ni+B 2 )A', +Bini/0 p p 

+ 5 VA' + (3m 1 +2,3n 1 +2)+B+(3m 2 -l,3n 2 -l)-^A'^B 

A'eKi 
Bei-i 

_|_ ^ q y 1 ^B'+(3m 1 +2,3n 1 +2)+B+(3m 2 -l,3n 2 -l)^B' 
B,B'6l_! 

(the first and the fourth terms cancel each other) 

y W P"- 1 — (3mi+3m 2 — l,3ni+3n 2 — 1) 

i \ „(ni+n 2 )A( +A 2 (mi+m 2 )+A 2 A! r\ r> r> 

_|_ ^ <? v 2; 1 1 C^A+A' + (3m 1 +3m 2 -l,3n 1 +3n 2 -l)^4^A' 

A,6da'6Ki 

E (ni+n 2 )Ai+B 2 (mi+m 2 )+B 2 Ai^ N P„P„ N | 
9 VA+B+(3mi+3m 2 -l,3n 1 +3n 2 -l)^A^Bj 

AeKi 
Bei_i 

= _ ^"^^(mi + m 2 , ni + n 2 ). 
The following two brackets are easy. 

[efe (mi,ni),e^ (m 2 ,n 2 )] =0 

K ( m b n l)i e 23 ( m 2,n2)] =0. 

- [e^(m 2 , "-2),e^ } (mi, m)] = [eg? (mi, m), e^(m 2 , n 2 )} 

= ^ Q ,niAl+n2 ' Bl [ ( 3(3mi-2,3ni-2)+A-PA, <5(3m 2 +2,3n 2 +2)+B-PB] 

AeKi 
BeK_i 



— \ „n 2 Bi+ni(m 2 +Bi) / Q p 

— 2^ 5 V(3mi+3m 2 ,3ni+3n 2 )+B-rB 

;k_i 

E^niAi+n 2 (mi+Ai)/^ p> 
9 V(3mi+3m 2 ,3ni+3n 2 )+A'TA 



AeKi 



„n 1 m 2 ( \ r „n 2 B 1 +n 1 (mj+Bi) r\ td i ^ ,,JC ^ 

—9 I 2^ 5 V(3mi+3m 2 ,3ni+3n 2 )+B r B + 7^ °(mi+m2,ni+n 2 ),(0,0) J 

n 2 m 1 ( \ ^ niAi+n 2 (mi+Ai)n p , ,.r , 

~~ 9 I 1 V(3mi+3m 2 ,3ni+3n 2 )+A- r A + -A to (mi+m 2 ,ni+n 2 ),(0,0 

AeKi 

=g nima eff(mi + m 2 , m + n 2 ) - ^"•'elftmi + m 2 , m + n 2 ). 



The following two brackets are easy. 

[e&Vi, m), 4#(m 2 , n 2 )] = <f im2 eg } (mi + m 2 , m + n 2 ) 
[e^ (mi,ni), egg (m 2 , n 2 )] = g nim2 e^3' ) (mi + m 2 , n\ + n 2 ). 

[e^ ) (mi,ni),e^ ) (m 2 ,n 2 )] 

-///y — mmi \ (-m 1 —m 2 —A 1 )n 2 +A 2 m 2 +A 2 (-m 1 -m 2 — A 1 )p p 

"^9 2^ ^ -TA-r(-3mi-3m 2 ,-3ni-3n 2 )-A 

AeKi 

m 2 n 2 \ r mA' 1 + (— m— n 2 — A' 2 )mi+(— m — n 2 — A'^)A' X p p 
— 2^ 9 -TA'-r(-3mi-3m 2 ,-3ni-3n 2 )-A' 

A'eKi 

+ [ £ 9 niA ' 1+A27ni+A2A,1 QA+A' + (3m 1 -l,3n 1 -l) J PAPA', 
A,A'EKi 

E n 2 A' 1 +A 2 m 2 +A 2 A' 1/ ^ ) n.p,,] 
9 VA+A' + (3m 2 -l,3n 2 -l)-TA-rA'J 

A, A'eKi 

i f \^ niA'i+A 2 mi+A 2 A' 1/ Q P.P. 
+ L 2^ 9 VA+A' + (3mi-l,3ni-l)-rA-TA', 

A,A'eKi 

^ 9 n2Al+B2m2+B2Al QA+B+(3m2-l,3n 2 -l) ^a^b] 

AeKi 

+ [ £ 9 niAl+B2mi+jB2Al QA +B+ (3m 1 -l,3n 1 -l) J PAP B , 

AeKi 



E n 2 A' 1 +A 2 m 2 +A 2 A' 1/ ^ ) .P.P., 
Q VA+A' + (3m 2 -l,3n 2 -l)-rA-TA' 

A, A'eKi 



i [ \^ niAi+B 2 mi+B 2 Ai ( Q ,P.P 
+ [ 2^ ^ VA+B+(3mi-l,3ni-l)-rA-TB, 

AeKi 

BeK_i 

E n 2 Ai+B 2 m 2 +B 2 Ai / Q p p] 

9 V J 4+B+(3m 2 -l,3Ti2-l)^A^B] 



AeKi 
Bei_i 



(the first and the second terms cancel each other) 



_ qn 1 (A 1 +A[+m2)+A2rn 1 +A2(A 1 +A' 1 +rn2)+n2A' 1 +A2rn2+A2A' 1 
A,A,A'SKi 

• ( 3A+A+A' + (3mi-l,3ni-l) + (3m 2 -l,3n 2 -l) 

_|_ gniA' 1 + (A2+A 2 +n 2 )m 1 + (A 2 +A 2 +n 2 )A' 1 +n 2 A' 1 +A 2 m 2 +A 2 A' 1 

A',A,A'eKi 

• ( 3A'+A+A' + (3mi-l,3ni-l) + (3m 2 -l,3n 2 -l)-PA / -F > A-PA' 



^n 2 (Ai+A' 1 +m 1 )+A 2 m 2 +A 2 (A 1 +A' 1 +mi)+niA;+A 2 m 1 +A 2 A' 1 

A,A',AeKi 

• ( 3A+A'+A+(3mi-l,3ni-l) + (3m 2 -l,3n 2 -l) PaPa'^a 

^n 2 A; + (A 2 +A 2 +ni)m 2 + (A 2 +A 2 +ni)A;+niA;+A 2 m 1 +A 2 A' 1 

A,A',A'6Ki 

• ( 3A+A'+A' + (3mi-l,3ni-l) + (3m 2 -l,3n 2 -l) PaPa>Pa> 



^n 2 (Ai+A' 1 +mi) + B 2 m 2 +B 2 (Ai+A' 1 +mi)+niA' 1 +A 2 miA 2 A' 1 



A.A'eKi 

BeK_i 



•<9a+A'+B + (3 mi — l,3ni — l) + (3m 2 — l,3n 2 — 1) PaPa>Pb 

_|_ ^ni(Ai+Ai+m 2 ) + B 2 mi+B 2 (Ai+A' 1 +m 2 )+n 2 A' 1 +A 2 m 2 +A 2 Ai 



A.A'eKi 

BeK_i 



•QA+A'+B + (3mi-l,3ni-l) + (3m 2 -l,3n 2 -l) PaPa'Pb 
_|_ ^niAi + (A 2 +B 2 +n 2 )mi + (A 2 + B 2 +n 2 )Ai+n 2 Ai+B 2 m 2 +B 2 Ai 



A,A€Ki 
BeK_i 



• ( 3A+A+B+(3mi-l,3ni-l) + (3m 2 -l,3n 2 -l)-PA-PA-fB 

_ ^n 2 Ai + (A 2 +B 2 +ni)m 2 + (A 2 +B 2 +ni)Ai+niAi+B 2 mi+B 2 Ai 



A_,AeIKi 
B6K_i 



• ( ?A+A+B+(3mi-l,3ni-l) + (3m 2 -l,3n 2 -l)-PA-PA-PB ~ 



as the first term cancels the fourth, the second term cancels the third, the fifth term 
cancels the seventh, and the sixth term cancels the eighth. 
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- [47 (m 2 ,n 2 ), 4:2 (mi, m)] = [ e 22 n i). 4i ( TO 2, n 2 )] 

=A* ^2 Q A2mi m ' 2rl ' 2 [Q(3mi,3ni)+A-PA, -P-(3m 2 -l,3n 2 -l)] 

I V" 1 A 2 m 1 +n2A' 1 +A2m2+A 2 A' 1 .P. H - p,,P-l 

+ 2^ 9 [V(3mi,3n!)+A-04, VA+A' + (3m 2 -l,3n 2 -l)- r A'- r Aj 

A,A',AeKi 

I \ A 2 mi+n 2 Ai+B 2 m 2 +B 2 Ai P. D- P.P„1 

+ 2^ 9 [V(3mi>i)+A^A, VA+B+(3m 2 -l,3n 2 -l)- r A-TBj 

A,A6Ki 

I \ B 2 mi+n 2 Ai+B 2 m 2 +B 2 Ai \r\ p ^ pnJ 

+ 2^ 9 LV(3mi,3m)+B-^B) VA+B+(3m 2 -l,3n 2 -l)- r A-rBj 

A_6Ki 

_ , ( „-m 2 n 2 + (-m-n 2 )mi p 

— ~n -r-3mi-3m 2 + l,-3ni-3n 2 + l 

+ Q V(3mi,3ni)+A+A' + (3m 2 -l,3n 2 -l)-rA-rA' 

A,A'eKi 

E n 2 (mi+Ai)+A 2 m 2 +A 2 (mi+Ai)+A 2 mi / Q _ p p_ 

y VA+A+(3mi,3ni) + (3m 2 -l,Zn 2 -\) r A^ A 

A,AeKi 

E n 2 A' 1 + (A 2 +ni)m 2 + (A 2 +ni)A' 1 +A 2 mi^ _ P.,P- 

Q VA'+A+(3mi,3n 1 )+(3m2-l,3n 2 -l)^A'^A 

A',AeKi 

E n 2 (Ai+mi)+B 2 m 2 +B 2 (Ai+mi)+A 2 mi^ p p 

9 VA+B+(3mi>i)+(3m 2 -l>2-l) r A^B 

AeKi 
BeK_i 

_i_ \^ (A 2 +B 2 +n 2 )mi+n 2 Ai+B 2 m 2 +B 2 Ai^ p p 

A6Ki 
B£K_i 

E n 2 Ai + (ni+B 2 )m 2 + (ni+B 2 )Ai+B 2 mi^ p p 

9 VA+B+(3mi,3ni)+(3m 2 -l,3n 2 -l)^A^B 

A€Ki 
B£K_i 



(the second and the third terms are cancelled, and the fifth and the sixth terms are 
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cancelled) 



_„nim 2 / lm -(ni+tu)(mi+m2) p , , s s 

—9 -^-(3(mi+m 2 )-l,3(ni+n 2 )-l) 

Q t V(3mi+3m 2 -l,3ni+3n 2 -l)+A'+A- r A'-r A 

A,A'eKi 

E„(ni+n 2 )Ai + (mi+m 2 )B 2 +B 2 Ai\^ p p 

9 JV(3mi+3m 2 -l,3ni+3n 2 -l)+A+B-rA-TB 

AeKi 

=g nim2 e^ ) (mi + m 2 ,ni + n 2 ). 



[4i (wi,ni),e^ J (m 2 ,n 2 )] 

— //« _m i n i \ „n 2 (-mi-m 2 -Ai)+A 2 m 2 +A 2 (-mi-m 2 -Ai) p p 

— 2^ ^ -rA-r(-3mi-3m 2 ,-3ni-3n 2 )-A 

AeKi 

+ [ £ 9 niA ' 1+A27ni+A2A ' 1 QA + A' + ( 3mi -l,3n 1 -l) J PAPA', 
A,A'6Ki 

E n 2 Bi+A 2 m 2 +A 2 Bi^) p n J 

9 V(3m 2 + l,3n 2 + l)+A+B-rA-TBj 

AeKi 
BeK_i 

//« _m 2 n 2 \ „niAi + (-ni-n 2 -A 2 )mi + (-ni-n 2 -A 2 )Ai p p 
_ M<? 2^ ? -rA-T(-3mi-3m 2 ,-3n 1 -3n 2 )-A 

AeKi 

I f \^ n 1 A 1 +B 2 m 1 +B 2 A 1 s- t ,P.P 
+ L 2^ 5 VA+B+(3mi-l,3ni-l)^A^B! 

AeKi 

£ 9 n2jBl+A2m2+A2jBl Q(3m 2+ l ) 3n 2 + l) J PAP B ] 

AeKi 
BeK_i 

+ [ £ ^ lAl+B2mi+B2Al QA +J B + (3 T ni-l,3ni-l) J PAPB, 

AeKi 
BeK_i 

E_n 2 Bj+B 2 m 2 +B 2 Bi n p p i 

B,B'eK_i 

12 



(the first term and the third term are negative to each other) 

_ ^ni(m 2 +Ai+Bi)+A 2 mi+A 2 (mi+Ai+Bi)+n 2 Bi+A 2 m 2 +A 2 Bi 
■Q A+A+B+(3m 1 +3m2,3n 1 +3n 2 )^ >A -^ > APB 

_|_ ^niAi + (n 2 +A 2 +B 2 )mi + (n 2 +A 2 +B 2 )Ai+n 2 Bi+A 2 m 2 +A 2 Bi 

A',A€Ki 

• ( 3A'+A+B + (3mi+3m 2 ,3ni+3n 2 )-^4.'-PA-PB 

_ qn2B 1 + (A 2 +A 2 +n 1 )m 2 + (A 2 +A' 2 +n 1 )B 1 +n 1 A' 1 +A 2 m 1 +A 2 A' 1 

■QA'+A+B+(3m 1 +3m 2 ,3ni+3n 2 )PA'PAPB 



(m2+A 1 +B' 1 )+B2m 1 +B2(m2+A 1 +B' 1 )+ri2B' 1 +A2m2+A2B' 1 



AeKi 

B,B'eK-i 

+ (3mi+3m 2 ,3rai+3n 2 ) PaPbPb 

Q 



„"_>(Aj + B. L + m, i + A 2 //)j+Aj(Aj fB + mi 1 + i A. L +B 2 mj -;-«■> ,4 



A,AeKi 
B€K-i 



• ( 3A+A+B + (3mi+3m 2 ,3ni+3n 2 ) Pa^a^b 

_|_ ^ ^niA 1 + (n 2 +B 2 + B 2 )mi + (n 2 +B 2 + B 2 )A 1 +n 2 B;+B 2 m 2 +B 2 B; 



AEKi 
B,B'eK_i 



•Qa+b+b' + (3mi +3m 2 ,3n\ +3n 2 ) PaPbPb' 

_ ^ ^n 2 (Ai + Bi+mi) + B 2 m 2 +B 2 (Ai+Bi+mi)+niAi+B 2 mi+B 2 Ai 



A_6Ki 
B,BeK_i 



• ( ?A+B+B+(3mi+3m 2 ,3ni+3n 2 )-PA-PB-PB 

E q n 2B[ + {A2+B2+n 1 )m2 + { A 2 + B2+n 1 )B' 1 +n 1 A^+B2rn 1 + B2A^ 



A_eKi 
B',BeK_i 

• ( 3A+B'+B+(3mi+3m 2 ,3ni+3n 2 )-PA-PB'-PB = 

as the first term and the third, the second and the fifth, the fourth and the eighth, the 
sixth and the seventh are cancelled. 
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The following three brackets are easy. 



[47(mi,ni),47(m 2 ,n 2 )] =0 

[4? (mi, rci), eg } (m2, n 2 )] = -g"^^^^! + m 2 , m + n 2 ) 
[4i (muni), e$ (7112,712)] =0. 



K ( m l> w l), e 22 ( m 2,W2)] 

= Q A2mi+A2m2 [Q {3^,311^+ APA, Q(3m 2 ,3n 2 )+A'PA'] 

A,A'£Ki 

+ ^2 ( i B2mi+B2m2 [Q(3m 1 ,3n 1 )+BPB,Q(3m 2 ,3n 2 )+B'PB'] 
B,B'6K_i 

EJn2+A' 9 )mi+A' m 2 r\ r> 
Q Q{3ra 1 ,3n 1 ) + {3ra 2 ,3n 2 )+A'PA' 

E„A 2 mi + (ni+A 2 )m2/0, % , p „ 

9 V(3mi,3ni) + (3m 2 ,3n 2 )+A-rA 

AeKi 

1 \ r ^(n 2 +B' 9 )m 1 +B' 9 m 2 p 
+ q Q(3m 1 ,3n 1 ) + {3m 2 ,3n 2 )+B'PB' 

B'ei-i 

E B 2 m 1 + (n 1 +B 2 )m 2t " ) p 
9 V(3mi,3ni) + (3m 2 ,3n 2 )+B-TB 

__nim 2 / \ r _A 2 (mi+m 2 )ri p 
—9 l — 2^ 5 V(3mi,3ni) + (3m 2 ,3n 2 )+A-TA 

AeKi 

_ ^2 q B2{ - mi+m *' l Q (3mi,3ni) + (3m 2 ,3n 2 )+B-PB ~ 2^(rai+™2,ni+n 2 ),(0,0)) 

„n 2 mi/ \ ^ „A 2 (m 1 +m 2 ) s^i r> 
~ <2 \— 2^ 9 V(3mi,3ni) + (3m 2 ,3n 2 )+A-TA 

AeKi 

E^,B 2 (mi+m 2 )/^-) p ^ r \ 

Q V(3mi,3ni) + (3m 2 ,3n 2 )+B-TB ~ 2^°(mi+m 2 ,ni+n 2 ),(0,0) ) 

BeK-i 

=g" im2 e^(mi + m 2 ,m + n 2 ) -g n2mi e^(mi + m 2 ,m +n 2 ). 
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[e 2 2 (>i,?ii),e^ (m 2 ,n 2 )] 

= [- X] ? A2mi( 3(3mi,3tii)+A^A- ^ Q B2mi Q(3m 1 ,3n 1 )+BPB, 

-m 2 n 2 p \ n 2 Bi+A 2 m 2 +A 2 Bi ,q p p 

— g ^^_( 3m2 + i i3n2 + i) - ^ 9 VA+B+(3m 2 + l,3n 2 + l)-rA-TB 

Bei-i 

9 1 VB'+B+(3m 2 +l,3n 2 +l)^BrB'J 

B,B'6K_i 

_ \ (n 2 +A 2 +B 2 )mi+n 2 Bi+A 2 m 2 +A 2 Bi / Q p p 

— 2^ 9 V(3mi,3ni)+A+B + (3m 2 + l,3n 2 + l)-rA-TB 

AeKi 
BeK_i 

E n 2 Bi + (ni+A 2 )m 2 + (A 2 +ni)Bi+A 2 mi^ p p 

9 V(3m 1 ,3n 1 )+A+B+(3m 2 + l,3n 2 + l)-rA-TB 

AeKi 
BeK_i 

-m 2 n 2 +(-n 2 -ni)mi p 

— Q ^- r -(3m 2 + l,3n 2 + l)-(3mi,3ni) 

E n 2 (rni+Bi)+A 2 tn 2 +A 2 (roi+Bi)+B 2 mi/i p p 

9 V(3mi,3ni)+A+B+(3m 2 + l,3n 2 + l)-rA-TB 

AeKi 
BeK_i 

4_ V" „(ii 2 +B 2 +B!,)m 1 +r i2 B;+B 2 m 2 +B 2 B; n D nPn , 
+ 2^ 9 V(3mi,3ni)+B+B' + (3m 2 + l,3n 2 + l)-rB-TB' 

B,B'6K_i 

E n 2 (B( +mi) + B 2 m 2 +B 2 (Bj+mi) + B 2 mi / Q p p 

9 V(3m 1 ,3ni) + B+B' + (3m 2 + l,3n 2 + l)-^B-TB' 

B,B'€K_i 

E » 2 B; + (ni+B 2 )m 2 +(B 2 +ni)B;+B 2 miA ( Pn p„, 

9 V(3mi,3n 1 )+B+B' + (3m 2 + l,3n 2 + l)-^B-rB' 

B,B'eK_i 



(the first term cancels the fourth while the fifth cancels the sixth) 

_ m 2 ni / -(mi+m 2 )(ni+n 2 ) p , 

—9 l — 9 ^-r-(3mi+3m 2 + l,3ni+3n 2 + l) 

E A 2 (roi+m 2 )+(ni+n 2 )Bi+A 2 Bi/i p p 

9 VA+B + (3mi+3m 2 +l>i+3n 2 + l) r A^B 

AeKi 
BeK_i 

E B[(ni|t» 2 )+B 2 (mi+m 2 )B 2 Bj\n p p 

<Z JVB+B' + (3mi+3m 2 + l,3ni+3n 2 + l)-TB-rB' 

B,B'eK_i 

=g m2ni e^ ) (m 1 + m 2 ,ni+Ti 2 ). 
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The following three brackets are easy. 



[47(mi,ni),47(m 2 ,n 2 )] =0 

[e^ ) (mi,ni),e^ ) (m 2 ,n 2 )] = -g" 2mi e^(mi +m 2 ,ni + n 2 ) 
[e^\m 1 ,n 1 ),e^\m 2 ,n 2 )} = 0. 



[4? (wi,ni),e^ ) (m 2 ,n 2 )] 

[— 5 ^^_( 3mi + 1)3ni + 1 ) — ^ ? VA+B+(3mi + l, 3771 + 1)^-^3 



AeKi 
BeK_i 



E n 1 B' 1 +B 2 m 1 +B 2 B' in p p 

9 VB+B' + (3mi + l,3ni + l)-rB-rB' 



B,B'ei_i 

-7772772. ,p \ 77 2 -Bl+A 2 7772 +A 2 Bl/Q . „ . , P x P„ 

— (/ ^^_( 3m2 + li3n2 + 1 ) — 2^ 9 VA+B+(3m 2 + l, 3n 2 +l)^A^B 

A6K1 

" £ ? n2 ^ +B2m2+B2B ^B+B' + (37772 + l,3772 + l) J PBPB'] 

B,B'ei_i 

E -777 l77l+772 (-777l-7772 -Bl) + B2 7772+B2 (-777l-7772 -Bl) p_ p 
-^B-^-(3mi+l,3ni+l)-(3m 2 + l,3n 2 +l)- 

BeK_! 

E,,^-777 2 772 + 77lBl + (-772 - 77l-B2 ) 777l+(-772 - 77l-B2)Bl p^ p 
M<Z -TB^-(3777l + l,377l + l)-(37772 + l, 3772 + 1)" 

B£K_i 

_|_ ^ ^77i(B;+Bi+7772) + B2777i+B2(B;+Bi+7772)+772S;+B 2 7772+B2B; 

B,B,B'6K_i 

• ( 3b+B'+B+(3777i + 1,377i + 1) + (37772 + 1,3772 + 1)-^ > B-Pb'-Pb 

_|_ ^ (? 77iB;+(B2+B2+772)777i+B;(B2+B2 + 772)+772Bi+B2 7772+B2-Bi 

B,B,B'6K_i 

• ( 3s+B'+B+(3777i + 1,377i + 1) + (37772 + 1,3772 + 1)-^ > B-Pb'-Pb 

_ q n 2 (B[+B 1 +rn 1 )+B2rn2+B2(B[+B 1 +rn 1 )+n 1 B' 1 +B2rn 1 +B 2 B' 1 
B,B,B'eK^ 1 

• < 3b + B'+B + (3777i + 1,377i+1) + (3777 2 + 1, 3772 + 1) PbPb'Pb 
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qn, 2 B' 1 + (B 2 +B2+n 1 )m2 + (B2+B 2 +n, 1 )B' 1 +n 1 B 1 +B 2 -m, 1 +B 2 B 1 

B,B,B'eK^ 1 
• ( 3B+B / +B+(3mi + l,3ni + l) + (3m 2 + l,3n 2 + l) 

_|_ q n 1 (B 1 +B' 1 +m 2 )+A 2 rn 1 +A 2 (B 1 +B' 1 +m 2 )+n 2 B' 1 +B 2 rn 2 +B 2 B' 1 

AeKi 

B,B'eK_i 

■QA+B+B' + (3m 1 + l,3n 1 + l) + (3m 2 + l,3n 2 + l) 

_|_ ^ ^niBi + (A2+-B 2 +n 2 )mi + (A 2 +B 2 +n2)-Bi+n2-B;+A 2 m 2 +A 2 B; 
B,B'eK-i 

•QA+B+B' + (3mi + l,3ni + l) + (3m 2 + l,3n 2 + l)-PA-PB-PB' 
5 



n n,(B s i ti: (-mi)-A 2 m 2 -A 2 (B :l -B : ; + »( 1 ) + "iB.; + B 2 ,/i. 1 -B 2 b; 



A6K1 
B,B'€K_i 



•QA+B+B' + (3mi + l,3ni + l) + (3m 2 + l,3n 2 + l)-PA-PB-PB 

Q 



r ,"2B :l -■: A 2 + B 2 + ,i ;l im 2 h(A 2 -B 2 -n : IBj -h l b;-A 2 »(] - 4 2 B| 



AeKi 

B,B'€K_i 



•QA+B+B' + (3mi + l,3ni + l) + (3m 2 + l,3n 2 + l)-PA-PB-PB' — 



as the first two terms, the third and the sixth, the fourth and the fifth, the seventh and 
the last term, are negative to each other. 



[ e 23 ( TO l>™l)> e 31 Vl2,n 2 )] 

— r /7 _m i n i//P , , \ „niBi+A 2 mi+A 2 Bi / Q p p 

— | — (/ ^_(3 mi+1] 3 ni + 1 ) — Q VA+B + (3mi + l,3ni + l)-rA-TB 

AeKi 
Bei_i 

E rl n 1 B' 1 +B 2 m 1 +B 2 B' 1 r\ p p 

9 VB+B' + (3m 1 + l,3ni + l)-TB-TB', 

B,B'eK_i 
^ 9 Ain2 Q(3m 2 -2,3n 2 -2)+A-PA] 

AeKi 
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— .-mini + (-mi-m 2 )n 2 p 

— — 9 A f -r-(3mi + l,3ni + l)-(3m 2 -2,3n 2 -2) 

E ni(m 2 +A' 1 )+A 2 mi+A 2 (m 2 +A' 1 )+A' 1 n 2/ Q , , .P.P., 

Q VA+A' + (3m 2 -2,3n 2 -2) + (3mi + l,3ni + l)-rA-rA' 

A,A'6Ki 

+ 2^ ^ VA+B+(3m 2 -2,3n 2 -2) + (3mi + l,3ni + l)-rA-TB 



AeKi 



E ni(m 2 +Ai)+B 2 mi+B 2 (m 2 +Ai)+Ain 2/ Q p p 

? VA+B + (3m 2 -2,3n 2 -2) + (3mi+l,3ni + l)-rA-TB 



AeKi 



E n 1 B 1 + (A 2 +n 2 )in 1 + (A 2 +n 2 )B 1 +A 1 n 2 ^ ) ^P.P 
9 VA+B + (3m 2 -2,3n 2 -2) + (3mi + l,3ni + l)-rA-TB 

AeKi _ 
BeK^i I 

(the third term and the fifth are cancelled) 

_ n n 1 m 2 ( n -(m 1 +m 2 )(n 1 +n 2 ) .. p , 

—9 l — Q A t -r-(3mi+3m 2 -l,3ni+3n 2 -l) 

E (n 1 +n 2 )A' 1 +A 2 (in 1 +m 2 )+A 2 A' 1 ^ ) .P.P., 
Q VA+A' + (3m 2 +3m 1 -l,3n 2 +3ni-l)-rA-TA' 

A.A'eKi 



E (ni+n 2 )Ai+B 2 (mi+m 2 )+B 2 Ai^ N P„P„ N I 
9 VA+B + (3m 2 +3mi-l,3n 2 +3ni-l)-rA-TBj 

AeKi 
BeK_i 



[e^ ) (mi,7ii),e^ ) (m 2 ,n 2 )] 

— r //« _m i n i P , , \ niBi+A 2 mi+A 2 Bi / Q p p 

— [—^q -r-(3mi+l,3ni + l) — 9 ( V(3mi + l,3ni + l)+A+B-rA-TB 

AeKi 

BEK_i 

E^niBi+Bami+BaB^ P P /O 1 

Q V(3mi + l,3ni + l)+B+B'-TB-rB', V(3m 2 -l,3n 2 -l)J 

B,B'€K_i 

H ,l i u (—mi,—n 1 ),(m 2 ,n 2 ) 

E rl n 1 m 2 +A 2 m 1 +A 2 m 2/ ^ p 
Q V(3mi + l,3ni + l)+A+(3m 2 -l,3n 2 -l)-TA 

AeKi 

E n 1 m 2 +B 2 m 1 +B 2 m 2 ft p 
9 V(3mi + l,3ni + l)+B + (3m 2 -l,3n 2 -l)-TB 

BEK_i 

E^niB, +n 2 mi+n 2 Bi r> 
9 V(3mi + l,3ni + l)+B' + (3m 2 -l,3n 2 -l)-TB' 

B'eK^i 
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=g n im2{ _ q A ^ +m ^Q ( s mi+3m2 , 3ni+ Sn 2 ) + APA 



AeKi 



q B2 ^ rni+rn2 ^Q(3m 1 +3m 2 ,3m+3n 2 )+B-PB ~ ^/^(mi+m 2 ,m+n 2 ),(0,0)) 



BeK_ 



9 I 2^ 9 V(3mi+3m 2 ,3ni+3n 2 ) + B-rB + yf J >°(m 1 +m 2 ,n 1 +n 2 ),(0,0)) 



=<f™eg (mi + to 2 , ni + n 2 ) - g n2mi e^ (mi + m 2 , m + n 2 ). 
[e23 ) (n»i,ni) ) e^ ) (m2,n 2 )] 

— r //« _m i n i P , x \ „n 1 B 1 +A 2 m 1 +A 2 B 1 ^) p p 

— [—^q ^_( 3mi + lj3ni + i) — ^ 9 V(3mi + l,3ni + l)+A+B-TA-rB 

BeK-i 



E n n 1 B' 1 +B 2 m 1 +B 2 B[ r) p p 

,3n 2 )+B Pb] 



sen 



—m\m + {—m\—m—2)n 2 r> , ^ / 

~ 9 ^-r-(3mi + l,3ni + l)-(3m 2 ,3n 2 ) 

E ni(m 2 +Bi)+A 2 mi+B 2 (m 2 +Bi)+Bin 2/ Q p p 

9 VA+B + (3mi + l,3ni + l) + (3m 2 ,3n 2 )-rA-TB 



AeKi 

B6K_i 



E^ni(m 2 +B;)+B 2 mi+B 2 (m 2 +B;)+B;n 2n p p 

9 VB+(3m 2 ,3n 2 )+B' + (3m 1 + l,3ni + l)-TB-rB' 

B,B'6K_i 

E^niB; + (n 2 +B 2 )mi + (B 2 +n 2 )B;+B 1 n 2n p p 

<? VB+(3m 2 ,3n 2 )+B' + (3mi + l,3n 1 + l)-^B-TB' 

B,B'6K_i 

+ 2^ ? VB + (3m 2 ,3n 2 )+B' + (3mi + l,3ni + l)-^B-TB' 

B,B'£K_i 

(the last two terms cancel) 

_„nim 2 / -(mi+m 2 )(ni+n 2 ) p 

—9 l — 9 A t -r-(3mi+3m 2 + l,3ni+3n 2 +l) 

E (ni+n 2 )Bi+A 2 (mi+m 2 )+A 2 Bi / Q p p 

? VA+B+(3mi+3m 2 +l,3ni+3n 2 + l) r A^B 

AeKi 
BeK.i 

E^(ni+n 2 )B;+B 2 (mi+m 2 )+B 2 B; r) D n p n ,'i 
<T VB+B' + (3mi+3m 2 + l,3ni+3n 2 + l)-TB-rB'J 

B,B'6l-i 

=9 nim2 e^ } (mi + m 2 ,ni +n 2 ). 
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The following five brackets are easy. 



[4l K> w l)>4l ( m 2!»2)] =0 

[eii\m 1 ,n 1 ),e^ ) (m 2 ,n 2 )} =0 

[ejftmi, wi), 4?(m 2 , n 2 )] = -q m ^e { £ ] (mi + m 2 , m + n 2 ) 

K ( m li"l)>42 ( m 2,«2)] =0 

[e^ ) (mi,ni),e^ ) (m 2 ,n 2 )] = -g mi " 2 ej(mi +m 2 ,ni +n 2 ). 
[4? (mi,™i),4^(m 2 ,n 2 )] 

= [ ]T ^^Qfa^.SnO+B^, E Q Bin2 Q(3 m2 ,3n 2 )+BPB] 
= E ^ Bl+m2 ' >ni+Bin2 Q(Srn 1 ,3n 1 ) + (3rn 2 ,3n 2 )+BPB 

E ? (Bl+mi)na+Bini Q(3m 1> 3n 1 )+(3m a> 3n a )+BPB 
= g«.im 2 ^ q ,Bl ^ ni+n2 <3(3mi,3ni) + (3m 2 ,3n 2 )+-B-PB 

„min 2 \ B 1 (n 1 +n 2 /~ ) p 

— Q 2^ 5 V(3mi,3ni) + (3m 2 ,3n 2 )+B- r B 

B£K_i 

=q nim2 e i ^\m 1 +m 2 ,n 1 + n 2 ) -q n2mi e { ^ ) (m 1 +m2,n 1 + n 2 ). 



Next we check the brackets involving and .D 2 . 

[D^eftWm)] 

= [ E ^1<?A^A + E B ^QbPb, Yl ( l Aini Q(3m 1 ,3n 1 )+APA + ^( mi ,^,(0,0)] 
AeKi B6l_! AeKi 

= J] ( m l + A l)^ ini ^(3m 1 ,3n 1 )+A^A- ^ 3(3^ .Sn^+A^U 

AeKi AeKi 

=mi( E Q AlUl Q (3^,3^)+ APA + ^^(mi,ni),(0,0)) 

Aei 

=mie^' (mi, ni). 



2' 

AeKi 



20 



The following two brackets are easy. 

[^1 > e W ( m l) n l)l = m l e 12 ( m l> n l) 

[D[^\ef^ {mi.ni)} = mie$ (mi, rci). 

_ £ ^^ +A2mi+A2 ^g A+ ^ + (3mi -l,3n 1 -l) J PA^ 

mi — l,3ni — 



AeKi 
BeK-i 



- ^ + A 'l + ^l)« Blit ' 1+Aarai+AaA ' 1 QA+A' + (3m 1 -l > 3n 1 -l)PAPA' 
A.A'eKi 

A,A'eKi 

+ ^ Ai^^+^^+^^g^ + ^-i^n.-DPAPA' 
A.A'eKi 

- (A 1 +B 1 +m 1 ) q n ^ +B ^+ B ^Q A+B+{3mi _ h3ni _ 1) P A P B 



AeKi 
BeLi 



+ B 1 q n ^+ B ^+ B ^Q A+B+i3mi . h3ni . 1) P A P B 
AeKi 

B£l_i 

+ A lV niAl+B2mi+B2Al QA+B+{Z mi -l,Zn,-l) P APB 



AeKi 
BeK-i 



=mi(-g mini /iP_ (3rai -i,3 ni -i) 
- £ ^^^^^^^Qa+A'+o^-i^^-dPaPa' 

A,A'eKi 

mi — l,3ni — i)PaPb) 



AeKi 

B€K_i 

=mie^ (mi, ni). 
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[D<r\e&\ mi , ni )] 

[Y,A 1 Q A P A + BiQbPb,- Yl Q^QiZm^mHAPA 

AeKi Bei_i AeKi 

_ ? B2mi( 3(3m 1 ,3n 1 )+B^B ~ ^^K.mJ.fO.O)] 

B6K-1 

- J2 (Ai+m 1 )q A ^Q (3niu3ni)+ APA+ J2 A ^ A2mi Q{Zm u ^)+APA 
AeKi AeKi 

- (m 1 + B 1 )q B ^Q (3mu3ni)+B P B + £ Big B2mi Q( 3mi ,3„ 1 )+B^ 

BeK_i Bei_! 

? A2mi( ?(3m 1 ,3ni)+A-PA - ^ Q 32 ™ 1 Q (S^^u^+bPb ~ ^fymi.m) 

AeKi Bei_i 
TOie^ (mi, m). 



[^.^(mi-ni)] 

= [^AxQ A P A + ^ BiQ B PB,-g- mini //P-(3m 1 + l,3n 1 +l) 
AeKi B£l_i 

^ Q ,niBl+A2mi+A2 ' Bl( 3A+B+(3mi + l,3ni + l)-PA-PB 
AeKi 

BeK_i 

E n 1 B' 1 +B 2 m 1 +B 2 B' in p p i 

B,B'eK_i 

= g - mini J ti(-mi)P_ (3mi+1]3ni+1) 

- ^ (Ax + B! + mi) ? BlBl+A3mi+ ^ Bl Q A+B+(3mi+ i, tol +i)PAPB 

AeKi 
BeK_i 



+ £ A 1? » lBl+Aami+AaBl Q A+B+(3mi + ll 3„ 1 + 1 )PAPB 

AeKi 
BeK_i 

+ B iq ^+ A ^+ A ^Q A+BH3mi+h3ni+1) P A P B 



AeKi 
BeK_i 



- ( B l + B 'l+ rni)q niB '^ B2mi+B ^QB+B' + ^rn 1+ l,3ni+l) P BPB 

B,B'eK_i 
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+ £ B lQ niB ' 1+B2mi+B2B,1 QB+B> H 3rn 1+ l,3n 1 + l)PBPB' 
B,B'eK_i 

+ J2 ^? ni ^ +B2mi+B2B ^B + B' + (3 mi + l,3n 1 + l) J PB^' 
B,B'eK_i 

= mi (-q- mini ^P_ (3mi+1)3ni+1) 

9 1 VB+B' + (3mi + l,3Tn + l)-TB-rB'J 

B,B'eK_i 

=mie^(mi,ni). 
The following two brackets are easy. 

[£^,47(7711,711)] = mie^(mi,ni) 
[D^^e^^m^ni)] = mie^ (mi, ni). 

[^.e^Cmj.m)] 

,3tii)+B-Pb + 2^(mi,ni),(0,0)] 

AeKi BeK_i BeK_i 



= £ (mi+Bi)g Bini Q (3mil 3„ 1 )+Bi'B- ^ Bi ? Bini Q ( 3 mi) 3 ni)+jB P B 

B6K_i B6K_i 
=T7li( E q Bini Q(3m 1 ,3n 1 )+BPB + ^^(mi,ni),(0,0)) 



B6K_i 

=mie^(mi,ni) 
Similarly, we can get 



[D^, (mi, ni)] = raiejj^mi.rai) 



for 1 < < 3. Finally, 
=0 

Hence 7r : gl 3 (C q ) — > i27id(V) is a Lie algebra homomorphism. □ 
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§2. Hermitian form for g[ 3 (C,j)-module. 

From now on we need to assume that \q\ = 1. 

Define u : gl 3 (C q ) i— > fl( 3 (C g ) a M-linear map as the following: 

(2.1) uj(Xx) = \u(x),V\ e C,x e okiCq) 

(2.2) ^(Erj(a)) = (-ly+iEjiia), a E C q 

(2.3) u>(d a ) = d s , uj(d t ) = d t , oo(c s ) = c a , u(c t ) = c t 

where M-linear function": C q -> C q is defined as Xs m t n = At" n s" m = Xq mn s- m t- n , 
and A is the complex conjugate, for any A G C, and m, n G Z. 
Following from [Lemma 3.4, GZ], we have 

Lemma 2.4. u; is an anti-linear anti-involution of gl 3 (C q ). 
We simply write ir(Eij(r)).v as Eij(r).v, for any i> G V, r G C q . 

In [GZ] , we define a hermitian form on the basis consisting of monomials and then use 
another basis consisting of iterated module actions on the "highest weight vector " 1 to 
determine the condition for the form being positive definite. Here we will use the second 
basis directly to define the hermitian form which is much simpler. 

Lemma 2.5. E l2 (a 1 )E 12 (a 2 )...E l2 (a k )E 32 (p 1 )E 32 (p 2 )...E 32 (p l ).l (We shall call it in 
level (kj) in W), here k,l G Z + {J{0}, a t = s m H n \i = l...k,(3j = s u H v \ j = 
1...Z, mi, rii, UjjVj G Z forms a basis for V . 

Proof. Since 

f„„- TT ^A™-™) TT ^, B (m', n ') 

JA,B J_J_ x (3m+l,3n+l)- 11 x (3m'-l,3n'-l) 

(m,n)6Z 2 (m',n')6Z 2 

A( m>n ), B( m / >n /) G U {0}, where only finitely many A( m>n ), B( m / >n /) are nonzero, form 
a basis for V. 

Let 9A = Yl(m,n)€Z* ^m+l,3n+l)' and ^ = n ( m',»')eza X (3m''-l,3n'-l)- Zt is similar 

to [Lemma 4.2, GZ], g A can be written as a linear combination of Ei 2 (ai)...Ei 2 (ak)-l, for 
k < J2( m n) A(m,n) an d h,B can be written as a linear combination of E 32 ((3i)...E 32 ((3i).l, 

for / < E( m ',n') B (m',n')- 

Since Ei 2 (a)E 32 ((3).u = E 32 ((3)Ei 2 (a).u for any u G V, f(A,B) can be written as a 
linear combination of Ei 2 (ai)...Ei 2 (ak)E 32 (f3i)...E 32 (f3i).l. Hence 

E 12 (a l )...E 12 (a k )E 32 (p 1 )...E 32 (Pi).l 

form a basis for V. □ 
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Let 

(2.6) B = {E l2 (a 1 )...E 12 (a k )E 32 (p 1 )...E 32 (p l ).l\ for all k, I G N, a*, ft G CJ 
be the basis for V. 

Lemma 2.7. For any v G V, lev(v) = lev(Ea(a).v), i = 1,2,3; lev(E\ 2 (a)(v)) = 
lev(v)+(l,0); lev(E 32 (a).v) = lev(v)+(0, 1); lev(E 21 (a).v) = lev(v)-(l, 0) orE 21 (a).v = 
if lev (v)- (1,0) i Z\; lev(E 23 (a).v) = lev(v) - (0, 1) or £ 23 (a).-i; = iflev(v) - (0, 1) £ 
for any 7^ a G C g . 

Proof. We only check those w in the basis £>. 



^22(a)^12(ai)^12(a2)- J El2(afc)^32(/9i)S32(/S 2 )- J E32(A)-l 
=^12(ai)S22(a)^12(a 2 )--El2(afc)^32(^i)£?32(/S2)--E32(A)-l 

-E 12 (a 1 a)E 12 (a 2 )...E 12 (a k )E 32 (p 1 )E 32 (p 2 )...E 32 (pi).l 

=E 12 (a 1 )E 12 (a 2 )...E 12 (a k )E 32 ((3 1 )E 32 ((3 2 )...E 32 ((3i).(^) K (a).l 
k 

-^E 12 (ai)...E 12 («,a)...E 12 (a fc ) J E;32(/3i)^32(/92)...^32(A)-l 

i=i 
l 

+ ^Ei2(ai) J B 12 (a 2 )... J Bi2K) J B32(/5i).. J B32(Aa)---^32(A)-l, 
i=i 

so lev{v) = lev(E 22 (a).v). It is similar for £ , n(a), £ , 33 (a). 

/et> (£'i 2 (a)(t')) = lev(v) + (1,0) and /ew (E 32 (a).v) = lev(v) + (0, 1) are the definition 
of level. 

For E 2 i(a).v, we prove by induction on the level of v: 
E 21 (a).v = if lev(v) = (0, n), n G Z + U {0}: 
If n = 0, it is obvious that E 2 i(a).l = 0. 
Suppose it is true for n, then 

E 21 (a)E 32 (ft ) £32 (ft ) . . . E 32 (ft+1 ) • 1 
=£32 (Pi )E 21 (a)E 32 ((3 2 )...E 32 ((3 n+1 ).l - E 31 (ft a) £32 (ft ) • • • #32 (ft +1 ) ■ 1 
= - E 32 ((3 2 )...E 32 ((3 n+1 )E 31 ((3 ia ).l 
=0 



by induction. 
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Suppose lev(E 2 i(a).v) = lev(v) — (1,0) or E 2 i(a).v = is true for the lev(v) = 
(m — l,n), then for v = Ei 2 (b)v' with lev(v') = (m — l,n), and ^ b G C q 

E 21 (a).E 12 (b)v' = E 12 (b)E 21 (a)v' + E 22 (ab).v' - E n (ba).v'. 

Since lev(E 21 (a)v') = (m-2,n), lev(E 21 (a).E 12 (b)v') = (m-l,n) or E 21 (a).E 12 (b)v' = 
0. It is similar for E 2 s(a). □ 

We easily define a contravariant (w.r.t. 7r, cu) hermitian form on 1/ by defining on the 
basis B. 

Assume that \x is a real number, define the conjugate bilinear form on the elements in 
B by induction on the level: 

(2.8) (1, 1) = 1, (1, /) = if lev(f) ^(0,0) 

Suppose for any v G £>, (it, u) is defined for any u such that lev(u) = (k',l f ), with 
fe' + /' = r — 1, if lev(u) = (k,l), with k + I = r, then there exists a -u' such that 
lev(u') = (k — 1,1), or lev(u') = (k,l — 1), and some a G C q , such that it = Ei 2 (a)u' or 
-u = E32 (a)u f . Define 

(2.9) (E 12 (a)u', v) = (u', uj(E 12 (a))v), 

(2.10) (E 32 (a)u', v) = (u', u(E 32 (a))v). 

Theorem 2.11. The conjugate bilinear form defined above is a hermitian form on V. 

Proof. We have to check that (Eij(a)u,v) = (u,uj(Eij(a))v), for 1 < i,j < 3, a G C q , 
and (Di.u,v) = (u,uj(Di)v) for % = 1,2: 
By the definition, 

(E 12 (a)u,v) = (u,uj(E 12 (a))v), 
(E 32 (a)u,v) = (u,u>(E 32 (a))v), 

and so 

{E 13 {a)u,v) ={[E 12 {l),E 23 {a))u,v) 

= (E 12 (l)E 23 (a)u,v) - (E 23 (a)E 12 (l)u,v) 

= (u,oj(E 23 (a))oj(E 12 (l))v) - (u,oj(E 12 (l))uj(E 23 (a))v) 

= (u, -u([E 23 (a),E 12 (l)])v) = (u,uj(E 13 (a))v). 



Using induction on the lev(u) to prove (En(a).u, v) = (u,uj(En(a)).v): 
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For any v G £>, 

(En(a)l,v) = -//«(a)(l,u) = -/^(a)5 M . 
Since Zev(£?n(a).v) = lev(v) for any v <E B, 

(l,a;(£'ii(a)).v) = (1, £ n (a).i;) = -/i«(a)5i )V . 

Hence 

(£n(a)l,v) = (l,a;(£ii(a)).t;). 

Suppose (£'ii(a)fx, u) = (u,uj(E 11 (a)).v) holds true for any lev(u) — (l : k) with I + k = 
r — 1. For lev(u) = (/, fc) with I + k = r, then -u = E 32 (b).u', with lev(u') = (/, /c — 1), 

(£n(a)£32(frK, i>) =(£ 32 (&)£ii(aK, u) 

= (£n(a).u',u;(£32(&)).t0 
= (« / ,a;(£; 11 (a))a;(£;32(6)).v) 

^i/,u;(£32(&)M£ii(a)).v) 

=(£ 3 2(&)u',w(£ii(a))-*>) 
= (tt,a;(£'ii(a)).v), 

or -u = Ei2(b).u' with lev(u') = (/ — 1, fc), 

(£n(a)Si2(i).«» =(E 12 (6)E 11 (a)V,z;) + ([£; 11 (a),£; 12 (6)]. W / ,t;) 

= ( J E 11 (a).w , ,^(£; 12 (6)).z;) + (w / , W ([ J E; 11 (a), J E; 12 (6)]).t;) 

= (« / ,a;(E 11 (a))a;(E 12 (6)). V )-(« / ,[a;(E 11 (a)),a;(E 12 (6))]. V ) 

^>(£ 12 (6)V(£ n (a)).?;) 

= (£i 2 (&Kw(£ n (a)).iO 

= (w,a;(£'ii(a)).v). 

Thus (E\i(a).u,v) = (u,uj(Eu(a)).v); and 

(E 22 (a).u, v) =([E 2 i(a),E 12 (l)].u, v) + {E ll {a)u : v) 

= (E 21 (a)E 12 (l).u,v) - (E 12 (l)E 21 (a).u,v) + (E 11 (a)u,v) 

= (u,u(E 12 (l))oj(E 21 (a)).v) - (u,u(E 21 (a))u(E 12 (l)).v) + (u,u(E n (a)).v) 

= (u, to([E 21 (a), E 12 (l)].v)) + (u, w(£n(o)).v) 

= (u,uj(E 22 (a)).v). 
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It is similar for (E 33 (a).u, v) = (u,u(E 33 (a)).v). 

For Di, D 2 , we also prove by induction on the level of u: 

It is obvious that (Di.l,v) = 0, for any v G £>, so (Di.1,1) = (1,-Di.l) = 0, 
and suppose (l,Di.v) = is true for those lev(v) = (k',l'), with kl + I' = r > 
0, then (l,L>i£i 2 (s m t n ).tO = (1, E 12 D x .v) + (l,m.v) = 0, and (1, D 1 E 32 {s m t n ).v) = 
(1, E 32 D x .v) + (1, m.v) = 0. So (Di.l, u) = (1, D x .v). 

Suppose for any v G £>, {D\.u, v) = (u, D\.v) is true for all lev(u) = (k', V) such that 
k' + V = r, then 

(D 1 .E 12 (s m t n ).u 1 v) = (E 12 (s m t n )D 1 .u, v) + (m.u, v) 

= (D 1 .u,iv(E 12 (s rn t n ))v) + (u,m.v) 
= (u, D^E^^t^v) + (u,m.v) 

= (E 12 (s m nu,D 1 .v). 

It is similar for (D l .E 32 (s m t n ).u,v) = (E 32 (s m t n )u, D 1 .v). 

Hence (D^.u, v) = (u,Di.v), and so is (D 2 .u,v) = (u,D 2 .v). Note that u(Di) = 
A,* = 1,2. □ 

§3. Conditions for unitarity. 

In this section we will determine when the hermitian form given last section is positive 
definite. 

Let i G N, 7 = (71, 7 S ) be the s — partition of i. We denote Par s (i) be the set of 
all s — partition of i. 

Let 7 G Par s (N), we say that tt[ x tt' 2 G Sn x Sn is equivalent to 7Ti x 7t 2 G Sn x 5jv, 
where Sn is the permutation group of iV letters, if for all 27, ...zn, wi, if at G C g , 

«(^7ri(l)^(l)---^7ri(7i)^(7i))---«(^<(7i + ...7 s _i + l)^(7i + ...+7 s _i+l) 

can be obtained from the analogous expression for tt\ x 7r2 only by rotating the variables, 
(e.g. k(z 1 w 1 Z2W2Z 3 w 3 ) = k(z 3 w 3 z 1 w 1 z 2 w 2 )). 
The following lemma is due to [JK2]. 

Lemma 3.1. Let zi, z 2 , ..zn, wi, w 2 , ..wn G C g [s ±:L , t ±x ] 

(3.2) 

/0 ziwO 2^ ,0 zjvw 0w W (K 
^0 0^0 '"^0 ) ^w 1 0'^w 2 } "^w N (V 

JV 

= Y1 Yl Yl (- 1 ) 7l_1 (-/^)«( 2; 7r 1 (l)^7 r2 (l)--^ 7 r 1 (7i) W 7r 2 (7i)) 

s=l 7ePar s (N) [tti X tt 2 ] 6 (Sjv X Sat ) (7) 

•(-1) 72_ (-/X)^^ ( 7l + i)W lr2 ( 7l+ i) ...2^ (72)^2(72))- 

...(-l) 7s " 1 (-^)K(^ l(7l+ ... 7s _ 1+1) ^ 2(7l+ ... +7s _ 1+1 )...^ 1 ( Ar) t(; 7r2 ( A r)).l 
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Lemma 3.3. Let ai,Ci,bj,dj G C g ,z = l,...,m,j = l,...,n, and R = (aiCj) mXm , U = 

(Mj)nXn, and Set A = ( Q Jj) (m+n)x(m+n) = (\j){rn+n)x(m+n) 

(3.4) 

E 21 (a 1 )...E 21 (a m )E 23 (b 1 )...E 23 (b n )E 12 (c 1 )...E 12 (c m )E 32 (d 1 )...E 32 (d n ).l 

m+n 

= Yl Y Y (- 1 ) 7l ~ 1 (-^) K ( A 7r 1 (l),^ 2 (l)-A 7ri ( 7l ) W2 ( 7l )) 

s=l -yEPar a (m+n) [tti X7r 2 ]G(S m+ „ xSm +n )(j) 

.(-l) 72 1 (-^)K(A 7ri ( 7l+1 ) )7r2 ( 7l+1 )...A 7ri ( 72 ) ;7r2 ( 72 )). 

...(-l) 7s 1 (-^)K(A 7ri ( 7l+ ... 7s _ 1+1 ) )7r2 ( 7l+ ... +7s _ 1+ i)...A 7ri ( A r) )7r2 ( A r)).l 



Remark 3.5. It is easy to see that Xij in every summand should be from different rows 
and different columns of A. And if the summand of (3.4) contains some Xij = 0, then 
this summand is 0. Hence (3.4) in fact is the sum of those Xij from R and U . 

Proof. Prove by induction on n: 
n = 0, (3.4) is just (3.2). 
Assume (3.4) is true up to n — 1, 



E 21 (a 1 )...E 21 (a m )E 23 (6i)...S23(fen)^12(ci)...^l2(c m )S32(rfl)... J B32(rfn).l 

=E 21 (a 1 )...E 21 (a m )E 23 (b 1 )...E 23 (b n - 1 ) 
(E 1 2(c 1 )E 23 (b n )-E 13 (c 1 b n ))E 12 (c 2 )...E 1 2(c m )E 32 (d 1 )...E 32 (d n ).l 

=E 21 (a 1 )...E 21 (a m )E 23 (b 1 )...E 23 (b n - 1 )E 12 (c 1 )E 23 (b n ^ 

- E 21 (a 1 )...E 21 (a m )E 23 (b 1 )...E 23 (b n - 1 )E 12 (c 1 )...E 12 (c m )(E 12 (c 1 b n d 1 ) 

+ E 32 (d 1 )E 13 (c 1 b n ))E 32 (d 2 )...E 32 (d n ).l 
=E 21 (a 1 )...E 21 (a m )E 23 (b 1 )...E 23 (b n - 1 )E 12 (c 1 )E 23 (b n ^ 

n 

+ Y E 2i( a i)...E 21 (a m )E 23 (b 1 )...E 23 (b n - 1 ). 

i=l 

^12(-Ci6„^)^i2(c 2 )...Sl2(c^)S32(dl)... J MS)... J E32(dn).l | 
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=E 21 (a 1 )...E 21 (a m )E 23 (b 1 )...E 23 (b n . 1 )E 12 (c 1 )E 12 (c 2 )...E 12 (c m )E 23 (b n )E 32 (d 1 )...E 32 (d 

n m 

+ ^$^^2l(ai)...£;2l(a m )£;23(&l)-^23(&n-l). 

i=l j=l 

E 1 2(c 1 )...E 1 2(-Cjb n d i )...E 12 (c m )E 3 2(di)...E 3 2(di)...E 3 2(dn)^ 

n 

-^^^2l(ai)...^2l(a m )£;23(&l)...^23(&n-l)^12(ci)£;i2(c2)...^12(c m ) 

i=l j>i 

E 32 (d 1 )...E 32 (d i )...E 32 (d J - 1 )E 32 (-d i b n d j - djb n di)...E 32 (d n ).l 

n 

+ Y,E2i(a 1 )...E 21 (a m )E 23 (b l )...E 23 (b n - 1 ). 

i=l 

E 1 2(c 1 )E 1 2(c 2 )...E 1 2(c rn )E 3 2(d 1 )...EQ^)...E 3 2(d n )(-fi)K(b n d i ).l 

n m 

+ ^2^2E 21 (a 1 )...E 21 (a m )E 23 (b 1 )...E 23 (b n - 1 ). 

i=l j=l 

E 12 (c 1 )...E 12 (-c J b n d l )...E 12 (c m )E 32 (d 1 )...E 32 (d i )...E 32 (d n ).l. 

Using (3.4) is true for n — 1, and expanding it we can get it is also true for n. □ 
Lemma 3.6. The hermitian form on different level is 0. 
Proof. Only need to prove those elements in the basis B. Let 

u = E 12 (a 1 )...E 12 (a m )E 32 (b 1 )...E 32 (b n ).l, v = E 12 {c 1 )...E 12 {c k )E 32 {d 1 )...E 32 {d l )X 

and (m, n) ^ (k, I). 

At first we prove (u, v) = with m = 0: 
If k = 0, we can suppose n > I, then 

=(£?32(6l)--E32(6n)-l»^32(dl)... J E 3 2(dl).l) 

= ((-l) I £?23(dl)... J E23(dl)^32(6l)... J E32(6n)-l»l) 

by Lemma 2.7, ^^(^•••^(^^(^•••^(M- 1 ) = (0,n - /) 
or E 23 (d l )...E 23 (d 1 )E 32 (b 1 )...E 32 (b n ).l = 0, then = 0. 

For k > 0, 

(U, U) =(^32(6l)--E 3 2(6n).l, ^12(ci)... J E 12 ( C fc)£?32(dl)--E32(dl)-l) 

= (-^2l(^)^32(6l)...-E32(6n).l, J El2(c2)... J El2(Cfc)^32(dl)... J E32(dl).l) 
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then from Lemma 2.7, —E 2 i(ci)E 32 (bi)...E 32 (b n ).l = 0, then (u,v) = 0. 
Without loss of generality, we can assume that to < k, then 

(u,v) 

= (^l 2 (ai)...E 12 (a m )^32(6l)...^32(6n).l,^12(ci)...^12(c fc )E 3 2(rfl)...^32(^).l) 

= {E 32 {b 1 )...E 32 (b n )A,(-l) m E 21 {a^)...E 21 ^ 
From Lemma 2.7, 

/ei7(£?2ifc)--E2i(ar)-Ei2(ci)...£?i 2 (cfc)£?32(di)...£?32(di)-l) = (k-m, n) 

or 

£?2ifc)--E2i(ar)-Ei2(ci)...£?i2(cfc)£?32(di)...£?32(di).l = 0, 

then back to the case to = 0, we get (u, v) = 0. □ 

Similarly to [Proposition 4.11, GZ], and together with Lemma 3.3, we have 

Proposition 3.7. The hermitian form on the same element h in level (to, n) is a poly- 
nomial of n, with the leading term is c(— l) m+n (— / u) m+n = c/i m+n with some constant 
c> 0. 

Now we can show the following theorem. 
Theorem 3.8. (it, V) is unitariazable if and only if /i > 0. 

Proof. From [Theorem 4.12, GZ], the hermitian form in level (0, n) and (to, 0) is positive 
definite if and only if needs \i > 0. 
Define 

(a, b G Z). Extend this operator to the linear operator T a $ on V by 

^ b (E 12 (a 1 )E 12 (a 2 )...E 12 (a k )E 32 (p 1 )E 32 (p 2 )...E 32 (p l ).l) 
=E 12 {T a , b a 1 )E 12 {T a , b a 2 )...E 12 {T ajb a^ 

Following Lemma 3.3, T a ^ b preserves the hermitian form on V. Denote 

Lj, r (M, N) = Span{E 12 (s m H n ^...E 12 (s m H ni )E 32 (s J H kl )...E 32 (s^)A 
\rrii, rii ^ 0, % = l..l,j t , k t ^ 0, 

l r r r 

^2™* = M >J2 ni + J2 k >- = N }- 

i=l i=l i=l i=l 
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Since the hermitian form on different level is 0, we will prove the unitarity by induction 
on the level. 

For any \x > 0, the form is definite in level (0, n) ([Theorem 4.12,GZ]), and suppose it 
is definite in level (r, n) , for those r < m, and it is not definite in level (m, n) . 

From Proposition 3.7, we know that the hermitian form restrict to this level should 
be positive definite for fi big enough. Assume it is not positive definite for some \i > 0, 
then there exist M, N such that the form restrict on L m n (M, N) is not positive definite. 
From Proposition 3.7, the form on L^ r (M, N) varies smoothly with \i. Then we can find 
a fiQ at which the form is not positive definite, and for all > [Mo, it is positive definite. 
And we write (., .) M to be the hermitian form at fx. 

So the radical of the form is non-trivial at fiQ, i.e there exist a nonzero h G L mjTl (M, N), 
such that for any h G L m>n (M, N) we have 



(M)mo =0- 



Therefore for any arbitrary element ft m -i, n in L m _i n (M, N), and any c G C, we have 



(E 2 i(c).h, hm-^n)^ = 0. 

Since the form is positive definite in level (m — l,n), we have £21 (c)./i = 0, for any 
c G C. Replacing h by T_ aj _&(/i) if necessary, we can write 

/; = ^a,(£ 12 (l))^ 



where = Ei2(a i+ i)..E 12 (a m )Es2(l3i)..Es2(l3n)-i (here it is a finite sum), and a^(3j 
is the form and /, k can not both be 0. 

Let io be the smallest one such that cii 7^ 0, then zo > 1. 
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Since 



E 21 (c)(E 12 (l)yE 12 (a t+1 )..E 12 (a m )E 32 (f3 1 )..E 3 2(/3n).l 

=(^ 12 (i))^ 21 ( c )£; 12 (a, +1 )..£; 12 (a m )£;3 2 (/3 1 )..£;32(/3n).i 

+ z.(E 12 (l)) l -\^ 22 (c)-E 11 (c))E 12 (a l+1 )..£; 12 (a m ) J E;3 2 (/3 1 )..£;3 2 (/3 n ).l 

+ (_2 c )!^^(E 12 (i))- 1 E 12 (a l+1 )..^ 12 (a m )E 32 (/3 1 )..£;3 2 (/3 n ).l 

=(E 12 (l)YE 21 (c)E 12 (a l+1 )..E 12 (a m )E 32 (/3 1 )..E 32 (/3 n ).l 

+ z.(E 12 (l)) i - 1 ((-2c)(m - i) - n)E l2 (a l+l )..E 12 (a rn )E 32 (p 1 )..E 32 (P n ).l 
+ z.(E 12 (l)) l - 1 £; 12 (a l+1 )..£; 12 (a m )£;32(/3i)..^32(/3n)(^22(c) - £n(c)).l 

+ (_ 2c )!^^(E 12 (l)) l - 1 E 12 (a, +1 )..^ 12 (a m )E 32 (/3 1 ).. J E;32(/3n).l 

= (E 12 (l)) i J B 21 ( C )E 12 (« i+1 ).. J E; i2 (« m )£;32(/?l).. J B32(/5n).l 

+ [zc(-^o) + i((-2c)(m -i)-n) + (-2c) Z ' ( ' ~ 

(£; 12 (i)) l - 1 £; 12 (a l+1 )..£; 12 (a m )£;32(/3i)..£;32(/3n).i, 

we have 

£21 (c)^ = 7a io (Si2(l)) io_1 ^o + 
where contains those with power of -Ei 2 (l) greater than z — 1, and 

7 = i c(-no) +i ((-2c)(m-i ) -n) + (-2c) — 11 = ci (-fio - (m-i ) - (m- 1)). 

Since m > zo, > 1, and //q > 0, 7 7^ 0, contradict with E 2 i(c)h = 0. 
So for any \i > 0, the hermitian form is positive definite. □ 
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